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Introduction

In this talk, I will give an overview of some recent results that link
diagonal-preserving isomorphism of graph algebras and isomorphism and
equivalence of graph groupoids with continuous orbit equivalence, (eventual)
conjugacy, and flow equivalence of symbolic dynamical systems of directed
graphs.
The talk is primarily based on the following papers.

1 K. Matsumoto: Orbit equivalence of topological Markov shifts and
Cuntz-Krieger algebras (2010).

2 K. Matsumoto and H. Matui: Continuous orbit equivalence of topological
Markov shifts and Cuntz-Krieger algebras (2014).

3 N. Brownlowe, T. Carlsen, and M. Whittaker: Graph algebras and orbit
equivalence (2017).

4 T. Carlsen and J. Rout: Diagonal-preserving gauge-invariant isomorphisms
of graph C∗-algebras (2017).
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Introduction

5 T. Carlsen and J. Rout: Diagonal-preserving graded isomorphisms of
Steinberg algebras (2018).

6 T. Carlsen S. Eilers, E. Ortega, and G. Restorff: Flow equivalence and orbit
equivalence for shifts of finite type and isomorphism of their groupoids
(2019).

I will present a more extensive list of references at the end of the talk.
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Graph algebras

By a graph we mean a quadruple (E0,E1, r, s) where E0 and E1 are sets, and r
and s are maps from E1 to E0.
The Leavitt path algebra of a graph E with coefficients in a unital commutative
ring R is the universal R-algebra LR(E) generated by a family {pv : v ∈ E0} of
pairwise orthogonal idempotents and a family {se, s∗e : e ∈ E1} of elements
satisfying

1 ps(e)se = sepr(e) = e for e ∈ E1,
2 pr(e)s∗e = s∗

e
ps(e) = s∗

e
for e ∈ E1,

3 s∗
e

sf = δe,f pr(e) for e, f ∈ E1,

4 pv =
∑

s−1(v) ses∗
e

for v ∈ E0
reg

:= {v ∈ E0 : s−1(v) is finite and non-empty}.

The map pv 7→ pv, se 7→ s∗
e

extends to an involution on LR(E).
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Graph algebras

The C∗-algebra of E is the universal C∗-algebra C∗(E) generated by a family
{pv : v ∈ E0} of mutually orthogonal projections and a family {se : e ∈ E1} of
partial isometries with mutually orthogonal ranges satisfying

1 s∗
e

se = pr(e) for e ∈ E1,

2 ses∗
e
≤ ps(e) for e ∈ E1,

3 pv =
∑

e∈s−1(v) ses∗
e

for v ∈ E0
reg

.
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Diagonal subalgebras and diagonal-preserving
isomorphisms

• We denote by E∗ the set of finite paths in E, and for
μ = (μ1, μ2, . . . , μn) ∈ E∗ we let sμ := sμ1 · · · sμn.

• The subalgebra DR(E) := spanR{sμs∗
μ
: μ ∈ E∗} ⊆ LR(E) is commutative.

• The C∗-subalgebra D(E) := span{sμs∗
μ
: μ ∈ E∗} ⊆ C∗(E) is commutative.

• An isomorphism ϕ : LR(E)→ LR(F) is diagonal-preserving if ϕ(DR(E)) = DR(F),
and an isomorphism ϕ : C∗(E)→ C∗(F) is diagonal-preserving if
ϕ(D(E)) = D(F).
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The boundary path space of a graph

• An infinite path in E is an infinite sequence x1x2 · · · of edges in E such that
r(ei) = s(ei+1) for all i. We let E∞ be the set of all infinite paths in E. The
source map extends to E∞ in the obvious way.

• The boundary path space of E is the space

∂E := E∞ ∪ {μ ∈ E∗ : r(μ) /∈ E0
reg
}.

• If μ = μ1μ2 · · ·μm ∈ E∗, x = x1x2 · · · ∈ E∗ ∪ E∞ and r(μ) = s(x), then we let μx
denote the path μ1μ2 · · ·μmx1x2 · · · ∈ E∗ ∪ E∞.

• For μ ∈ E∗, the cylinder set of μ is the set

Z(μ) := {μx ∈ ∂E : x ∈ r(μ)∂E},

where r(μ)∂E := {x ∈ ∂E : r(μ) = s(x)}.
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The boundary path space of a graph

• For μ ∈ E∗, the cylinder set of μ is the set

Z(μ) := {μx ∈ ∂E : x ∈ r(μ)∂E},

where r(μ)∂E := {x ∈ ∂E : r(μ) = s(x)}.
• Given μ ∈ E∗ and a finite subset F ⊆ r(μ)E1 := {e ∈ E1 : s(e) = r(μ)} we

define

Z(μ \ F) := Z(μ) \
�

⋃

e∈F

Z(μe)

�

.

• ∂E is a locally compact Hausdorff space with the topology given by the
basis {Z(μ \ F) : μ ∈ E∗, F is a finite subset of r(μ)E1}, and each such
Z(μ \ F) is compact and open.

• DR(E) is isomorphic to LCC(∂E,R) and D(E) is isomorphic to C0(∂E) by
isomorphisms that map sμs∗

μ
to the characteristic function of Z(μ).
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The shift maps

• For n ∈ N, let ∂E≥n := {x ∈ ∂E : |x| ≥ n}.
• Then ∂E≥n = ∪μ∈EnZ(μ) is an open subset of ∂E.
• For n ≥ 1, we define the n-shift map on E to be the map σn : ∂E≥n→ ∂E

given by σn(x1x2x3 · · ·xnxn+1xn+2 · · · ) = xn+1xn+2 · · · for
x1x2x3 · · ·xnxn+1xn+2 · · · ∈ ∂E≥n+1 and σn(μ) = r(μ) for μ ∈ ∂E ∩ En.

• We let σ0 denote the identity map on ∂E.
• Then σn : ∂E≥n→ ∂E is a local homeomorphism for all n ∈ N.
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The groupoid of a graph

The groupoid of E is the amenable locally compact Hausdorff étale groupoid

G(E) = {(x,k,y) : there exist m,n ∈ N such that x ∈ ∂E≥m,

y ∈ ∂E≥n, k = m− n, σm(x) = σn(y)}

with G(E)(0) = ∂E, r(x,k,y) = x, s(x,k,y) = y, (x,k,y)−1 = (y,−k,x), and
(x,k,y)(y, l, z) = (x,k + l, z), and a basis consisting of compact open sets of the
form

Z(U,m,n,V) = {(x,m− n,y) : x ∈ U, y ∈ V, σm(x) = σn(y)},

where m,n ∈ N, U is a compact open subset of ∂E≥m such that (σm)|U is
injective, V is a compact open subset of ∂E≥n such that (σn)|V is injective, and
σm(U) = σn(V).
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The groupoid of a graph

• The Steinberg algebra AR(G(E)) of G(E) is isomorphic to LR(E) by an
isomorphism that maps LCC(G(E)(0),R) onto DR(E), and

• the C∗-algebra C∗(G(E)) of G(E) is isomorphic to C∗(E) by an isomorphism
that maps C0(G(E)(0)) onto D(E).
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Continuous orbit equivalence

A continuous orbit equivalence is a homeomorphism h : ∂E→ ∂F such that
there are locally constant maps k, l : ∂E≥1→ N and k′, l′ : ∂F≥1→ N such that

σl(x)(h(x)) = σk(x)(h(σ1(x)))

for x ∈ ∂E≥1, and
σl′(x′)(h

−1(x′)) = σk′(x′)(h
−1(σ1(x

′)))

for x′ ∈ ∂F≥1.
• x ∈ ∂E is eventually periodic if there are m 6= n such that σm(x) = σn(x).
• A continuous orbit equivalence h : ∂E→ ∂F is said to preserve isolated

eventually periodic points if h and h−1 map isolated eventually periodic
points to isolated eventually periodic points.
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Diagonal-preserving isomorphism, groupoid
isomorphism, and continuous orbit equivalence

A unital ring R is indecomposable if 0 and 1 are the only idempotents in R.

Theorem [Matsumoto, Matsumoto&Matui, Brownlowe et al.,
Carlsen&Winger, Arnklint et al., Steinberg]

Let E and F be two graphs and R an indecomposable unital ring. TFAE:
1 There is a continuous orbit equivalence h : ∂E→ ∂F that preserves isolated

eventually periodic points.
2 G(E) and G(F) are topologically isomorphic.
3 There is a diagonal preserving isomorphism from C∗(E) to C∗(F).
4 There is a diagonal preserving R-algebra ∗-isomorphism from LR(E) to

LR(F).
5 There is a diagonal preserving ring-isomorphism from LR(E) to LR(F).
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Gradings, gauge-actions, cocycles, and eventually
conjugacy

• There is a Z-grading
⊕

n∈Z LR(E)(n) of LR(E) given by
LR(E)(n) = spanR{sμs∗

ν
: μ,ν ∈ E∗, |μ| − |ν| = n}.

• There is an action γ : T→ Aut(C∗(E)) called the gauge-action satisfying
γz(pv) = pv and γz(se) = zse for z ∈ T, v ∈ E0, and e ∈ E1.

• The map cE : (x,n,y) 7→ n is a cocycle from G(E) to Z.
• An eventual conjugacy is a homeomorphism h : ∂E→ ∂F such that there

are locally constant maps k : ∂E≥1→ N and k′ : ∂F≥1→ N such that

σk(x)+1(h(x)) = σk(x)(h(σ1(x)))

for x ∈ ∂E≥1, and

σk′(x′)+1(h
−1(x′)) = σk′(x′)(h

−1(σ1(x
′)))

for x′ ∈ ∂F≥1.
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Gradings, gauge-actions, cocycles, and eventually
conjugacy

Theorem [Matsumoto, Carlsen&Rout, Steinberg]

Let E and F be two graphs and R an indecomposable unital ring. TFAE:
1 E and F are eventually conjugate.
2 There is a topological isomorphism ϕ : G(E)→ G(F) such that cF ◦ ϕ = cE.
3 There is a gauge-invariant diagonal preserving isomorphism from C∗(E) to

C∗(F).
4 There is a graded diagonal preserving R-algebra ∗-isomorphism from LR(E)

to LR(F).
5 There is a graded diagonal preserving ring-isomorphism from LR(E) to

LR(F).
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Stabilisations of graphs

• We let M∞(R) denote the algebra of finitely supported, countable infinite
square matrices over R, and D∞(R) the abelian subalgebra consisting of
diagonal matrices.

• We let K denote the C∗-algebra of compact operators on l2(N), and C the
maximal abelian subalgebra consisting of diagonal operators.

• We let R denote the discrete groupoid N× N with R(0) = N, r(m,n) = m,
s(m,n) = n, (m,n)−1 = (n,m), and (m,n)(n,o) = (m,o).

• Then AR(R) is isomorphic to M∞(R) by an isomorphism that maps
LCC(R(0),R) onto D∞(R), and C∗(R) is isomorphic to K by an isomorphism
that maps C0(R(0)) onto C.

• If E is a graph, then we let SE denote the graph with SE0 = N× E0,
E1 = {(n,v) : n ∈ N, v ∈ E0} ∪ {(0,e) : e ∈ E1}, r(n,v) = (n,v),
r(0,e) = (0, r(e)), s(n,v) = (n+ 1,v), and s(0,e) = (0, s(e)).

• Then G(SE) is isomorphic to G(E)× R.
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Diagonal-preserving stabil isomorphism, groupoid
isomorphism, and continuous orbit equivalence

Theorem [Carlsen&Rout, Steinberg]

Let E and F be two graphs and R an indecomposable unital ring. TFAE:
1 There is a continuous orbit equivalence h : ∂(SE)→ ∂(SF) that preserves

isolated eventually periodic points.
2 G(E)× R and G(F)× R are topologically isomorphic.
3 There is a diagonal preserving isomorphism from C∗(E)⊗ K to C∗(F)⊗ K.
4 There is a diagonal preserving R-algebra ∗-isomorphism from

LR(E)⊗ M∞(R) to LR(F)⊗ M∞(R).
5 There is a diagonal preserving ring-isomorphism from LR(E)⊗ M∞(R) to

LR(F)⊗ M∞(R).
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Gradings, gauge-actions, cocycles, and eventually
conjugacy
Theorem [Carlsen&Rout, Steinberg]

Let E and F be two graphs and R an indecomposable unital ring. TFAE:
1 SE and SF are eventually conjugate.
2 There is a topological isomorphism ϕ : G(E)× R→ G(F)× R such that

(cF × cR) ◦ ϕ = cE × cR where (cE × cR)(η, (m,n)) = cE(η) +m− n.
3 There is a diagonal preserving isomorphism ϕ : C∗(E)⊗ K→ C∗(F)⊗ K such

that (γz ⊗ τz) ◦ ϕ = ϕ ◦ (γz ⊗ τz) for z ∈ T where τz(θn+1,n) = zθn+1,n.
4 There is a graded diagonal preserving R-algebra ∗-isomorphism from

LR(E)⊗ M∞(R) to LR(F⊗ M∞(R)) with respect to the grading
⊕

n∈Z(LR(E)(n) ⊗ spanR{δm+n,m : m ∈ N}).
5 There is a graded diagonal preserving ring-isomorphism from

LR(E)⊗ M∞(R) to LR(F)⊗ M∞(R) with respect to the grading
⊕

n∈Z(LR(E)(n) ⊗ spanR{δm+n,m : m ∈ N}).
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Gradings, gauge-actions, and cocycles

Theorem [Carlsen&Rout, Steinberg]

Let E and F be two graphs and R an indecomposable unital ring. TFAE:
1 There is a topological isomorphism ϕ : G(E)× R→ G(F)× R such that

(cF × 0) ◦ ϕ = cE × 0 where (cE × 0)(η, (m,n)) = cE(η).
2 There is a diagonal preserving isomorphism ϕ : C∗(E)⊗ K→ C∗(F)⊗ K such

that (γz ⊗ id) ◦ ϕ = ϕ ◦ (γz ⊗ id) for z ∈ T.
3 There is a graded diagonal preserving R-algebra ∗-isomorphism from

LR(E)⊗ M∞(R) to LR(F)⊗ M∞(R) with respect to the grading
⊕

n∈Z(LR(E)(n) ⊗ M∞(R)).
4 There is a graded diagonal preserving ring-isomorphism from LR(E)⊗M∞(R)

to LR(F)⊗ M∞(R) with respect to the grading
⊕

n∈Z(LR(E)(n) ⊗ M∞(R)).
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The shift space of a finite graph

• Suppose E = (E0,E1, r, s) is a finite graph (i.e., E0 and E1 are finite) with no
sinks (i.e., s is surjective) and no sources (i.e., r is surjective).

• We let E∞−∞ := {(en)n∈Z : en ∈ E1, r(en) = s(en+1)} and define σ : E∞−∞ → E∞−∞
by σ((en)n∈Z)m = em+1.

• Equip E∞−∞ with the topology generated by {Zm(μ) : m ∈ Z, μ ∈ E∗} where

Zm(μ) = {(en)n∈Z ∈ E∞−∞ : emem+1 · · ·em+|μ|−1 = μ}.

• Then E∞−∞ is a compact totally disconnected Hausdorff space and σ is a
homeomorphism.
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Conjugacy and flow equivalence

• We say that E∞−∞ and F∞−∞ are conjugate is there is a homeomorphism
h : E∞−∞ → F∞−∞ such that σ ◦ h = h ◦ σ.

• We say that E∞−∞ and F∞−∞ are flow equivalent if there is a homeomorphism
h : (E∞−∞ × R)/∼→ (F∞−∞ × R)/∼ that maps flow lines onto flow lines in an
orientation preserving way, where ∼ is the equivalence relation on E∞−∞ × R
generated by (σ(x), t) ∼ (x, t + 1), and a flow line is a set of the form
{[x, t] : t ∈ R}.
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Diagonal-preserving stabil isomorphism, groupoid
isomorphism, and flow equivalence

Theorem [Cuntz&Krieger, Matsumoto&Matui, Carlsen et al, Steinberg]

Let E and F be two finite graphs with no sinks and no sources and R an
indecomposable unital ring. TFAE:

1 E∞−∞ and F∞−∞ are flow equivalent.

2 SE and SF are continuously orbit equivalent.
3 G(E)× R and G(F)× R are topologically isomorphic.
4 There is a diagonal preserving isomorphism from C∗(E)⊗ K→ C∗(F)⊗ K.
5 There is a diagonal preserving R-algebra ∗-isomorphism from

LR(E)⊗ M∞(R) to LR(F)⊗ M∞(R).
6 There is a diagonal preserving ring-isomorphism from LR(E)⊗ M∞(R) to

LR(F)⊗ M∞(R).
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Diagonal-preserving stabil isomorphism, groupoid
isomorphism, and conjugacy
Theorem [Cuntz&Krieger, Carlsen&Rout, Steinberg]

Let E and F be two finite graphs with no sinks and no sources and R an
indecomposable unital ring. TFAE:

1 E∞−∞ and F∞−∞ are conjugate.

2 There is a topological isomorphism ϕ : G(E)× R→ G(F)× R such that
(cF × 0) ◦ ϕ = cE × 0 where (cE × 0)(η, (m,n)) = cE(η).

3 There is a diagonal preserving isomorphism ϕ : C∗(E)⊗ K→ C∗(F)⊗ K such
that (γz ⊗ id) ◦ ϕ = ϕ ◦ (γz ⊗ id) for z ∈ T.

4 There is a graded diagonal preserving R-algebra ∗-isomorphism from
LR(E)⊗ M∞(R) to LR(F)⊗ M∞(R) with respect to the grading
⊕

n∈Z(LR(E)(n) ⊗ M∞(R)).
5 There is a graded diagonal preserving ring-isomorphism from LR(E)⊗M∞(R)

to LR(F)⊗ M∞(R) with respect to the grading
⊕

n∈Z(LR(E)(n) ⊗ M∞(R)).
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Thank you for your attention.


